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Figure 1: Pinched Torus

singular point

1 Motivation

Theorem 1.1 (Poincaré-duality for manifolds). Let Mn be a closed, oriented manifold.

rMs P HnpMq

� X rMs : HipMq �
Ñ Hn�ipMq

In particular
bipMq B rnkHipMq � rnkHn�ipMq

Singular spaces do not posses Poincaré-duality.
Example: ”Pinched Torus“ (Fig. 1)

H0pXq � Z

H2pXq � Z

Problem: H1pXq � Z. There is no intesersection product, so Poincaré-duality does not hold.
Example: X3 � ΣpT 2q, the suspension of the Torus (Fig. 2).

b0 � 1 � b3

b1 � 0

b2 � 2

Since b1 , b2, Poincaré-duality does not hold.

2 Motivational examples of stratified spaces

A stratification of a singular space X will turn out to be a Decomposition of X into a disjoint
union of S i, such that the S i are manifolds and points in S i are ”equaly singular“.
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Figure 2: Suspended Torus

(a) Suspension of the (flat)
Torus

(b) The meridians of the
torus are 1-cells

=~S2

(c) We can suspend the
meridians and get 2-cells

2.1 Topological construction

• A Cross (Fig. 4a)

• The pinched torus (Fig. 4b)

• X3 � ΣT 2 � tN, S u Y
�
X3ztN, S u

�looooomooooon
�p0,1q�T 2

• X2 � T 2 Y T 2 � S 1 Y S 2 (Fig. 4c)

• X4 � S 1 � ΣT 2

• X4 � ΣΣT 2 (Fig. 4d)

2.2 Smooth groupactions

Let Mn be a closed smooth manifold and G a compact Lie group acting smoothly on M.
Example: G � S 1,M � S 2

 Orbit Space M{G
The orbit space will usually be singular.
We will stratify M{G. Let H be a closed Subgroup H   G.

MpHq B tx P M | Gx � Hu

Where � is conjugate equivalence, Gx is the isotropy group at x and pHq is the conjugate class
of H.
MpHq is a union of orbits:

Gg�x � gGxGg�1 � Gx � H

ñ Gg�x � H
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Figure 3: Topological constructions

S0

S1

(a) Cross

(complement
of     ) S 0

S0

S2

(b) Stratification of the pinched torus

S1

S2

(c) Connected tori

S1

T2

S0

S4

(d) Double-suspension of the torus
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Proposition 2.1. Assume M{G is connected. Then there exists a unique conjugate class pH0q,
such that MpH0q is open and dense in M.

Example: In the rotating sphere example, pH0q � pe0q, because Mpeq � S 2ztN, S u.

• MpHq is a smoothly embedded submanifold of M, called the orbit bundle of pHq.

π

G{H MpHq

MpHq{G

-

?

• As G is compact, there are only finitely many isotropy types.

M �
n¤

i�1

MpHiq

M{G �
n¤

i�1

MpHiq{Glooomooon
�S pHq

Example: In the rotating sphere example, M{G � Mpeq{G Y tN, S u{G.

Link

Suppose pH0q � peq (i.e. the area, where G acts freely is open and dense), there are only 2
isotropy types, peq and pHq, H , e, and G acts transitively on MpHq (so there is some x P MpHq,
such that MpHq � Gx).
Question: What is the link of the singular point in M{G.

Vx B
TxM

TxpGxq

Vx is called a ”slice“.
Let h P Gx � H.

h� : TxpGxq Ñ ThxpGxq � TxpGxq

We obtain a represantation
H � Gx Ñ GLpVxq

called the slice-representation.
We can therefore form

G �Gx Vx B pG � Vxq{Gx

which is a vector bundle over Gx.

Theorem 2.2 (Slice theorem). There exists an open neighbourhood Nx of the orbit Gx and an
equivariant diffeomorphism

Nx � G �Gx Vx
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Equivariant means, that the diffeomorphism preserves the group-action.
Since Gx is compact, there exists a Gx-invariant riemannian metric on Vx which induces a
metric on G �Gx Vx C E.
We then define the unit sphere bundle as

S E B tv P E | }v} � 1u

S 1 E

Gx

-

?

Then the link of the singular point in M{G is S E{G.
If G does not act transitively on MpHq, then

link � S νMpHq |Gx{G

2.3 Triangulated Spaces (simplicial complexes)

Let
Xn � S 0 Y S 1 Y ...Y S n

be a triangulated space.
Let S i be the union of interiors of i-simplices in X. Then S i is an i-dimenionsal manifold.
Question: What is the link?
Let T be simplicial complex, such that |T | � X. Let T 1 be the first barycentric subdivision of
T . Then every simplex ∆ in T has a ”dual block“ Dp∆q, which is a union of simplices in T 1.

linkp∆q � BDp∆q

2.4 Algebraic varieties (over R)

”Singularities of algebraic varieties remain almost completely misterious“ (J. Harris)
Reason: Among the singularities of affine varieties � An are the cones on projective varieties
Y � Pn�1. So to have a complete understanding of affine singularities, one would need first a
complete classification of projective varieties.
Suppose we have a projective variety Y .

Θ : Anz0 Ñ Pn�1

px1, ..., xnq ÞÑ rx1, ..., xns

Then
conepYq � Θ�1pYq Y t0u

is an affine variety, whose ideal is the ideal IpYq.
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Whitney’s Algorithm

(Elementary structure of real algebraic varieties)

1. Let I be an ideal in Rrx1, ..., xns, p P Rn.

A � tp∇ f qppq | f P Iu � Rn

is a real vectorspace.
rnkppIq B dim A

2. Let S � Rn be a subset.
IpS q � t f P RrXs | f |S � 0u

rnkpS B rnkpIpS q

rnkS B max
pPS

rnkpS

3. Let V be a real algebraic variety, V � Rn. Set

M1 B tp P V | rnkpV � rnkVu

Then M1 is an agrebraic manifold of dimension

dim M1 � n� rnkV

Set V1 B VzM1. Then either V1 � H, or V1 is an algebraic subvariety of V .

You can then proceed recursively using V1 instead of V and obtain a decomposition

V � M1 Y M1 Y ...Y Mk

in algebraic manifolds.

Example: Let V � tx2 � y2z � 0u � Rn (the ”Whitney umbrella“).

IpVq � px2 � y2zq

A �

$&
%
�
� 2x
�2yz
�y2

�


,.
- �

#
0 x � y � 0
1 x , 0_ y , 0

rnkpV �

#
0 p P z� axis
1 p < z� axis

rnkV � 1

ñ M1 � Vzpz� axisq, dim M1 � 3� 1 � 2

V1 � VzM1 � pz� axisq
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IpV1q � px, yq, A �

〈��1
0
0

�

,

�
�0

1
0

�

〉

rnkV1 � 2 � rnkpV1, @p P V1

ñ M2 � V1 � pz� axisq, dim M2 � 3� 2 � 1

ñ V � M1 Y M2 � pVzpz� axisqq Y pz� axisq

Note: M1 � tz ¥ 0u.
Remark: Most examples so far satisfied the ”frontier condition“:
If S i X S j ,H, then S i � S j.
Problem: The frontier condition fails for the given decomposition of V .
We can fix this, by refining the stratification:

V � pV � pz� axisqq Y tz ¡ 0u Y tz � 0u Y tz   0u
x�y�0

3 Stratified spaces

Convention: cpXq will be the closed cone on a topological space X, namely

cpXq � r0, 1s � X{pt0u � Xq

c�pXq will be the open cone, namely

c�pXq � r0, 1q � X{pt0u � Xq

cpHq � p

Definition 3.1 (Topoloical stratified pseudomanifold). A 0-dimensional topological stratified
pseudomanifold is a countable set of points with the discrete topology.
An n-dimensional pn ¡ 0q topological stratified pseudomanifold is a paracompact, Haus-
dorffspace Xn together with a filtration by closed subsets

X � Xn � Xn�1 � Xn�2 � Xn�3 � ... � X0 � X�1 � H,

such that

1. All nonempty differences XizXi�1 are topological manifolds of dimension i.

2. XzXn�2 (the ”top stratum“) is (open and) dense in X.

3. Local triviality: @k: Let x P Xn�kzXn�k�1. There exists an open neighbourhood Ux of x
in X and a compact, pk � 1q   n dimensional topological stratified pseudomanifold

L � Lk�1 � Lk�3 � Lk�4 � ... � L0 � L�1

and a homeomorphism
φ : Ux

�
Ñ Rn�k � c�pLk�1q

which is stratum-preserving.

L is called a link at x of the connected component of Xn�kzXn�k�1 that contains x.
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Definition 3.2. A PL-space (piecewise linear) is a topological space X together with a class
T of locally finite triangulations of X, such that

1. T is closed under linear subdivision.

2. any two triangulations T,T 1 P T have a common linear subdivision T 2 P T .

Definition 3.3. A closed subset A � X is a closed PL-subspace if there is a T P T , such that
A is given by a subcomplex of T .

Definition 3.4. A PL-stratified pseudomanifold is...

• Xi are closed PL-subspaces.

• Use ”PL-manifold“ instead of (top.) manifold.

• Use ”PL-homeomorphism“ instead of homeomorphism.

Example: A classical PL-pseudomanifold is a simplicial complex such that every simplex is
the face of some n-simplex and every pn� 1q-simplex is the face of precisely two n-simplices.
Any such classical PL-pseudomanifold can be equipped with a stratification making it a PL-
stratified pseudomanifold in the sense of the definition.
Example: Any irreducible complex agebraic variety is a stratified pseudomanifold (strata
have only even dimension). Similarly for real algebraic varieties.
Let Xn be a PL-stratified pseudomanifold with PL-structure T . For i � 0, 1, 2, ...

CT
i pXq B tξ : t oriented i-simplices in Tu Ñ Z | ξp�σq � �ξpσqu

is the abelian group of i-chains. Infinite chains are allowed.
Remark: We allow infinite chains because eventually we need restriction maps

CipXq Ñ CipUq,U �
open

X

If T 1 is a subdivision of T , then there is a canonical map

CT
i pXq Ñ CT 1

i pXq

Definition 3.5.
CipXq � limÝÑ

TPT

CT
i pXq

(ξ P T and ξ1 P T 1 are equivalent, if thee is a common subdivision T 2T such that the image
of ξ under CT

i Ñ CT2
i equals the image of ξ1 under CT 1

i Ñ CT2
i )

ξ P CipXq has a support |ξ|, which is a closed PL-subspace.

Definition 3.6 (Borel-Moore-homology).

HipXq B HipC�pXqq

Warning: The Borel-Moore-homology is not a homotopy-invariant
Example: X � R1.

H0pRq � 0,H0pR
1q � Z

Recall from linear algebra: A, B � Rn are transverse to each other (A t B), if

dimpAX Bq ¤ dim A� dim B� n
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Theorem 3.7 (McCrory’s theorem). The complex

IC0̄
i pXq B tξ P CipXq | |ξ| is transverse to the strata of Xu

� tξ P CipXq | dimp|ξ| X Xn�k ¤ dim ξ � dim Xn�k � dim X � i� ku

computes the cohomology Hn�ipXq.

If it were possible to move every chain ξ into transverse position with the strata, then ordinary
(co)homology of X would satisfy the poincaré-duality.
But poincaré-duality fails for singular X, so in general it is not possible to move chains trans-
versely to the strata.
Idea: (Goresky-MacPherson) Introduce a parameter, called a ”perversity-function“ that mea-
sures the extent to which a chain ξ is allowed ot deviate from full transversality.

Definition 3.8 (Perversity). A perversity is a fucntion

p̄ : t2, 3, 4, ...u Ñ t0, 1, 2, ...u

such that

1. p̄p2q � 0

2. p̄pkq ¤ p̄pk � 1q ¤ p̄pkq � 1

Example: The zero-perversity 0̄pkq � 0
Example: The top-perversity t̄pkq � k � 2
Example: The lower-middle-perversity m̄ � p0, 0, 1, 1, 2, 2, ...q
Example: The upper-middle-perversity n̄ � p0, 1, 1, 2, 2, 3, ...q

Definition 3.9. Two perversities p̄, q̄ are called complementary, if

@k : p̄pkq � q̄pkq � k � 2

Example: 0̄, t̄ are complementary.
Example: m̄, n̄ are complementary.

Definition 3.10. Let p̄ be a perversity. The intersection chain complex is

IC p̄
i pXq B tξ P CipXq | dimp|ξ| X Xn�kq ¤ i� k � p̄pkq ^ dimp|Bξ X Xn�kq ¤ i� 1� k � p̄pkqu

ñ IC p̄
�pXq is a chain complex with the usual boundary maps.

Definition 3.11. The intersection homology groups are:

IH p̄
i pXq B HipIC

p̄
�pXqq � ker Bi{Im Bi�1

Write p̄ ¤ q̄, if p̄pkq ¤ q̄pkq, @k.
If p̄ ¤ q̄, then IC p̄

�pXq � ICq̄
�pXq. This inclusion induces a canonical map

IH p̄
�pXq Ñ IHq̄

�pXq
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Definition 3.12. Xn is orientable if the n-simplicies in some admissable triangulation of X
can be oriented, such that their sum is a cycle.
rXs P HnpXq is called the fundamental class of X.

Proposition 3.13. Let Xn be an orientad, compact, PL-stratified pseudomanifold. Then

�X rXs : HipXq Ñ Hn�ipXq

factors through IH0̄
n�ipXq:

HipXq Hn�ipXq

IH0̄
n�ipXq

-
XrXs

Q
Q
QQsXrXs �

�
��3

Proof. Under � X rXs, the characteristic cochain of an i-simplex σ in an admissable trian-
gulation T of X is mapped to the dual block Dpσq in the first barycentric subdivision T 1 of
T .
But the dualblock of a simplex is indeed transverse. �

We even have the factorization

HipXq Hn�ipXq

IH0̄
n�ipXq ... IH p̄

n�ipXq IHq̄
n�ipXq ... IH t̄

n�ipXq

-
�XrXs

?

- - - - -

6

Example: Mn a compact manifold-with-boundary BM.

Xn � M YBM cpBMq

ξ P CipXq ñ dimp|ξ| X Xn�kq ¤ i� k � p̄pkq

case: i � n � p̄pnq   �1. ξ cannot pass through the cone-point c. If ξ � Bξ1, then ξ1 can also
not pass through c.

ñ IH p̄
i pXq � HipMq

case: i� n� p̄pnq � �1. ξ X tcu � H. If ξ � Bξ1, then ξ1 is allowed to touch c. Therefore

IH p̄
i pXq � Im pHipMq Ñ HipXqq

case: i� n� p̄pnq ¡ �1. Both ξ and ξ1 are allowed to pass through c.

IH p̄
i pXq � HipXq

11



summary:

IH p̄
i pXq �

$'&
'%

HipMq i   n� p̄pnq � 1
Im pHiM Ñ HiXq i � n� p̄pnq � 1
HipXq i ¡ n� p̄pnq � 1

Example: X  R � X. From a stratification tXiu of X we get a stratification of R � X by
setting

pR� Xqi B R� pXi�1q

ξ P IC p̄
i�1pXq R� ξ P IC p̄

i pR� Xq

ñ Suspension map: IC p̄
�pXq Ñ IC p̄

�pR� Xqr1s

Lemma 3.14. This map induces an isomorphism

IH p̄
i pXq

�
Ñ IH p̄

i�1pR� Xq
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Example: X4 � pΣT 2q � S 1

We compute IHm̄
� pXq, IHn̄

�pXq

T 2 � S 1
1 � S 1

2, S
1 � tptu � S 1

Where the point is from the nonsingular part of ΣT 2.
There is one stratum

X4 � X1 � tN, S u � S 1

with codimension 3 and link T 2.
We have to decide, whether a cycle bounds, and if it does, if the bounded chain suffices

dimp|ξi| X X1q ¤ i� 3, dimp|Bξi| X X1q ¤ i� 4

for IHm̄
� pXq and

dimp|ξi| X X1q ¤ i� 2, dimp|Bξi| X X1q ¤ i� 3

for IHn̄
�pXq.

If it does, it disappears in the respective intersection-homology-class.

cycles IHm̄
� IHn̄

�

� � 4 ΣpS 1
1 � S 1

2q � S 1 ΣpS 1
1 � S 1

2q � S 1 ΣpS 1
1 � S 1

2q � S 1

� � 3 S 1
1 � S 1

2 � S 1,ΣS 1
1 � S 1,ΣS 1

2 � S 1,ΣpS 1
1 � S 1

2q ΣpS 1 � S 1
2q ΣpS 1

1 � S 1
2q,ΣS 1 � S 1,ΣS 2 � S 1

� � 2 S 1
1 � S 1

2,ΣS 1
1,ΣS 1

2, S
1
1 � S 1S 1

2 � S 1 S 1
1 � S 1, S 1

2 � S 1 ΣS 1,ΣS 2

� � 1 S 1
1, S

1
2, S

1 S 1
1, S

1
2, S

1 S 1

� � 0 pt pt pt

3.1 The intersection homology of a cone

Let Xk�1 be a compact PL-stratified pseudomanifold.

pc�Xqi B c�pXi�1q, i ¡ 0

pc�Xq0 B tcu

Let ξ P IC p̄
i�1pXq. We can form c�ξ P Cipc�Xq.

But it is not generally true, that c�ξ P IC p̄
i pc

�Xq � Cipc�Xq.
If i ¡ k � p̄pkq, then c�ξ P IC p̄

i pc
�Xq.

If i � k � p̄pkq, then
c�ξ P IC p̄

i pc
�Xq ô Bξ � 0

If i   k � p̄pkq, then
c�ξ P IC p̄

i pc
�Xq ô ξ � 0
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This suggests that coning should be viewed as a map of chaincomplexes:

... ...

ICk�p̄pkq�1pXq ICk�p̄pkq�2pc�Xq

ICk�p̄pkqpXq ICk�p̄pkq�1pc�Xq

ker B ICk�p̄pkqpc�Xq

0 ICk�p̄pkq�1pc�Xq

... ...

?

B

-c�

?

B

?

B

-c�

?

B

?

B

-c�

?

B

?

B

-c�

?

B

?

B

-c�

?

B

-c�

We have constructed a map

τ¥k�p̄pkq�1IC p̄
�pXq

c�
Ñ IC p̄

�pc
�Xqr1s

Theorem 3.15. This chain map induces an isomorphism on homology groups.

Lemma 3.16. If α is a PL chain in R¥0 � Z and Bα � 0, then there exist a PL-chain β, such
that α � Bβ.

Proof.
π1 : R� � Z Ñ R�, π2 : R� � Z Ñ Z

R¥0 � |α|
f
Ñ R� � Z

f pt, xq B pt � π1pxq, π2pxqq

β B f�pR¥0 � αq ñ Bβ � α

�

Proof. of thm. 3.15
c� is injective as a chain map. Exact sequence:

0 Ñ τ¥k� p̄pkq�1IC p̄
�pXq

c�
Ñ IC p̄

�pc
�Xqr1s Ñ

IC p̄
�pc�Xq

c�τ¥k�p̄pkq�1IC p̄
�pXq

Ñ 0

14



We will show, that IC p̄
�pc

�Xq

c�τ¥k� p̄pkq�1IC p̄
�pXq

is acyclic.

Given ξ P IC p̄
i pc

�Xq, such that Bξ � c�γ, where γ P pτk� p̄pkq�1IC p̄
�pXqqi�2.

We will construct η, such that ξ � c�η is a cycle that bounds.

Dε ¡ 0: |ξ| X Nε � c�η, Bη � γ

Bpξ � c�ηq � Bξ � Bc�η � c�γ � c�Bη � c�γ � c�γ � 0

So ξ � c�η is a cycle.
And:

|ξ � c�η| � R¥0 � X

With lemma 3.16 it follows, that
ξ � c�η � Bβ

(check: This β is an intersection chain) �

Theorem 3.15 implies

IH p̄
i pc

�Xq �

#
IH p̄

i�1pXq i ¥ k � p̄pkq
0 i   k � p̄pkq

Corollary 3.17. IH p̄
�p�q is not a homotopy invariant.
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Example: Recall that a point x P Xn�kzXn�k�1 in a stratified pseudomanifold has a neighbour-
hood of the form Rn�k � c�pLk�1q (”distinguished neighbourhood“)

τk�p̄pkq�1IC p̄

pLq

susp.n�k�c�
Ñ IC p̄


pR
n�k � c�Lqrn� k � 1s

is a homology-isomorphism (”quasi-isomorphism“).
In particular,

IH p̄
i pR

n�k � c�Lq �

#
IH p̄

i�pn�k�1qpLq i ¥ n� p̄pkq

0 i   n� p̄pkq

4 Sheaf theory

Definition 4.1 (presheaf). A presheaf A on a topological space X is an assignment

U �
open

X ÞÑ ApUq

from the open sets in X to abelian groups, such that there are restriction homomorphisms

@U,V �
open

U : ApUq Ñ ApVq

such that

1. ApHq � 0

2. ApUq id
Ñ ApUq

3. The following diagram commutes for W �
open

V �
open

U

ApUq ApVq

ApWq

-

@
@
@
@@R ?

The ApUq are called section groups.

Definition 4.2 (sheaf). A sheaf A on X is a topological space with a continous map

π : A Ñ X,

such that for each x P X
π�1pxq C Ax

(we call this a stalk) is an abelian group and the group operations are continous, and π is a
local homeomorphism.
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Definition 4.3. Let A bei a sheaf on X and Y � X a subspace.
A section of A over Y is a continous map

s : Y Ñ A

such that π � s � idY .
ΓpY, Aq B t sections s : Y Ñ Au

We can assign a presheaf to A by

A pU ÞÑ ΓpU, Aq

the presheaf of sections.
Conversely, one can associate a sheaf to a given presheaf A:
We define the stalks to be

x P X : Ax B limÝÑ
U �

open
X,xPU

ApUq,

form the sheaf by
A B

¤
xPX

Ax

and get a projection by
π : A Ñ X

Ax ÞÑ txu

and a basis for the topology by

U �
open

X, s P ApXq : tsx P Ax | x P Uu

where sx is the equivalence class of x under the direct limit.
This is called the sheafification of A and we write it as sheafpAq.

Definition 4.4 (Homomorphism). A homomorphism f : A Ñ B of sheaves over X is a conti-
nous map which preserves stalks, i.e.

f pAxq � Bx

and restricts, for all x P X to group homomorphisms

f : Ax Ñ Bx

f is a monomorphism (epimorphism, isomorphism,...), if fx is a monomorphism (epimor-
phism, isomorphism,...) for all x.
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Let A be any sheaf. For every a P A choose a local section s through a. By this you get an
isomorphism

A �
Ñ sheafpU ÞÑ ΓpU, Aqq

a ÞÑ sπpaq
Conversely let A be any presheaf. The map

ApUq Ñ ΓpU, sheafpAqq

s ÞÑ px P U ÞÑ sxq

is not generally an isomorphism.
The presheaf of sections of an actual sheaf satisfies a gluing property (G): Given any open
subset U �

open
X, any open covering U �

�
α Uα and sα P ApUαq, such that

sα|UαXUβ
� sβ|UαXUβ

for Uα X Uβ ,H,
D!s P ApUq : s|Uα

� sα, @α

If A satisfies (G), then the canonical map from above is an isomorphism.
Summary:
Proposition 4.5. There is a one-to-one correspondence between sheaves on X and presheaves
on X, that satisfy (G).

4.1 Sheaf cohomology

Definition 4.6. A resolution of a sheaf A is an exact sequence of sheaves

0 Ñ A d�1

ãÑ K0 d0

Ñ K1 d1

Ñ K2 d2

Ñ ...

A morphism of resolutions A Ñ K
, B Ñ L
 is a commutive diagram

0 A K0 K1 K2 ...

0 A K0 K1 K2 ...

- -

?

f

-

?

φ0

-

?

φ1

-

?

φ2

- - - - -

A homotopy of homomorphisms of resolutions is a sequence of sheaf homomorphisms s, such
that ds� s d � φ� ψ.

Definition 4.7. A sheaf I is injective, if for every monomorphism A ãÑ B and homomorphism
f : A Ñ I, there is an extension B Ñ I, such that the following diagram commutes:

0 A B

I

- -

?

�
�
��	
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Basic constructions: X,Y topological spaces, f : X Ñ Y continuous.

1. Let A be a sheaf on X. U ÞÑ Γp f�1pUq, Aq is a presheaf satisfying pGq, so a sheaf, called
the pushforward or direct image sheaf of A. Notation: f�A (a sheaf on Y).

2. Lem B be a sheaf on Y . We can form the pullback:

f �B B tpx, bq P X � B | f pxq � πpbqu

p f �Bqx � B f pxq

ñ f �B is a sheaf over X, the pullback of B.

Lemma 4.8. The product of injective sheaves is injective.

Proposition 4.9. Every sheaf can be embedded into an injective sheaf (even canonically).

Proof. Let A be any sheaf on X, x P X.
We can then embed Ax as an abelian group into an injective group Ix. Let Ix be the extension
by zero of Ix.
By lemma 4.8,

I B
¹
xPX

Ix

is an injective sheaf, because all Ix are injective sheafs.�
A Ñ Ix

�
 pA Ñ Iq

�

Proposition 4.10. Every sheaf has a (canonical) injective resolution.

Proof. According to proposition 4.9 we get injective Ik, such that

d�1

0 A I0 I1

I0{Im d�1

- -

@
@
@@R

-d0
-d1

�
�
���

is exact. �

Proposition 4.11. f : A Ñ B can be extendet to a morphism of resolutions.

Proof. Per diagram-hunt. �

By similar extension arguments, any two such extensions of f are homotopic.

Definition 4.12 (Sheaf cohomology). Let A be a sheaf on X and I
 be an injective resolution
of A.

HipX; Aq B HipΓpX, I
qq
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Remark: Thus, HipX, Aq measures the extent to which ΓpX,�q is not an exact functor.
Remark: ΓpX,�q is left exact.
Remark: H�pX; Aq is well-defined.

Definition 4.13. A sheaf A is called acyclic, if

@i ¡ 0: HipX, Aq � 0

Example: Injective sheaves are acyclic:

0 Ñ I id
Ñ I Ñ 0 Ñ 0 Ñ ...

ñ HipX, Iq � 0, @i ¡ 0

Example: (Assume X paracompact) A sheaf A is called soft, if forall closed K � X

ΓpX, Aq Ñ ΓpK, Aq

is surjective.
Soft sheaves are acyclic.

Definition 4.14. If K
 is a resolution of a sheaf A by acyclic sheaves, then

H�pX; Aq � H�ΓpX,K
q

So we can use acyclic resolutions, which occur more naturally than injective ones, to compute
sheaf cohomology.
Application: Let M be a smooth manifold. We compute the sheaf cohomology

H�pM;RMq

Where RM is a constant sheaf. We can map U �
open

X as of

U ÞÑ ΩipUq

where ΩipUq are smooth differential i-forms on U. This presheaf satisfies pGq, so is a sheaf
Ωi.
Since the exterior derivative

d: ΩipUq Ñ Ωi�1pUq

commutes with restricton-maps, it induces a morphism of sheaves

d : Ωi Ñ Ωi�1

such that d2 � 0.
Ωi�1 d

Ñ Ωi d
Ñ Ωi�1

is an exact sequence of sheaves by the Poincaré lemma.
Therefore

0 Ñ RM
r ÞÑ f�r
Ñ Ω0 d

Ñ Ω1 d
Ñ Ω2 d

Ñ ...

is a resolution of RM. All Ωi are soft.

H�pM;RMq � H�ΓpM;Ωiq � H�pΩ
pMqq � H�pMq

So we can compute the sheaf cohomology H�pM;RMq by computing the de-Rham-cohomology
of M.
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4.2 Complexes of sheaves

Definition 4.15. A (differential) complex of sheaves A
 is a sequence pAiqiPZ of sheaves Ai,
together with sheaf homomorphisms

di : Ai Ñ Ai�1

such that
@i P Z : di�1 � di � 0

HipA
q B
ker d
Im d

� sheaf
�
U ÞÑ HiΓpU; A
q

�
is called the cohomology sheaf or derived sheaf.
Say A
 is bounded below. We can then form injective resolutions of the Ai and get

... ... ... ...

A2 I0,2 I1,2 I2,2 ...

A1 I0,1 I1,1 I2,1 ...

A0 I0,0 I1,0 I2,0 ...

6

d2

-

6
d

-
δ

6
d

-
δ

6
d

-
δ

6
d2

-

6
d

-
δ

6
d

-
δ

6
d

-
δ

6
d2

-

6
d

-
δ

6
d

-
δ

6
d

-
δ

Such a diagram is called a double complex, with a vertical differential d, a horizontal dif-
ferental δ, such that

d2 � δ2 � dδ� δ d � 0

Via
Ik B

à
i� j�k

Ii, j

we get a simple complex with the differential d� δ.

Definition 4.16. A resolution of a complex of sheaves A
 is a quasi-isomorphism f : A
 Ñ
K
 (i.e. f induces isomorphisms HipA
q Ñ HipK
q, @i).

We have seen that every complex A
 has an injective resolution A
 Ñ I
.

Definition 4.17. The hypercohomology groups of X with coefficients in a complex of sheaves
A
 are

H ipX; A
q B HiΓpX; I
q

where A
 Ñ I
 is an injective resolution of A
.
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Remark: This can also be computed from a resolution A
 Ñ K
 of A
 by soft sheaves Ki.
Standard constructions:

τ¤nA
 B ...Ñ An�2 d
Ñ An�1 Ñ ker dn Ñ 0 Ñ 0 Ñ ...

τ¥nA
 B ...Ñ 0 Ñ 0 Ñ coker dn�1 Ñ An�1 Ñ An�2 Ñ ...

ñ Hipτ¤nA
q �

#
HipA
q i ¤ n
0 i ¡ n

Hipτ¥nA
q �

#
0 i   n
HipA
q i ¥ n

τ¤nA
 inc
Ñ A
 quot

Ñ τ¥nA


A
rnsqi B Ai�n, di
A
rns � p�1qn di�n

A


Also here: A
 ` B
, A
 b B
,Hom
pA
, B
q, f�A
, f �B


Complexes of sheaves form an abelian (i.e. have kernels, cokernels, images, coimages, exact
sequences, etc. with the usual properties) category CpXq.

4.3 The homotopy category

Definition 4.18. The homotopy category KpXq has objects

ObKpXq B ObCpXq

and morphisms
HomKpXqpA
, B
q B

 
r f s | f P HomCpXqpA
, B
q

(
where r f s denotes the homotopy-class of f .

r f s � rgs B r f � gs

is well-defined, so KpXq forms indeed a category.

r f s � rgs B r f � gs

is also well-defined, so KpXq is an additive category.
If A
 and B
 are homotopy equivalent, then A
 � B
 in KpXq.
Problem: KpXq is not in general an abelian category.
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Example: X � tpu

... ... ...

... 0 0 0 ...

... 0 Z Z ...

... Z Z 0 ...

... 0 0 0 ...

... ... ...

- -

6

-

6

-

6

- -

6

-

6

-

6

- -

6

-

6

-

6

- -

6

-

6

-

6

6 6 6

We have a short exact sequence of complexes

0 Ñ X
 Ñ Y
 Ñ Z
 Ñ 0

Y
 � 0

We have a natural functor CpXq F
Ñ KpXq.

If the resulting sequence was to be exact

0 Ñ FpX
q Ñ FpY
q � 0 Ñ FpZ
q Ñ 0

But
H
pFpX
qq � H
pXq , 0

which is a contradiction.
Solution: ”Distinguished triangles“, substitute for exact sequences.

Definition 4.19. Let f : A
 Ñ B
 be a morphism in CpXq. The (algebraic) mapping cone of
f , C
p f q, is the complex given by

Cnp f q B An�1 ` Bn

dn
C
p f q �

�
dA 0

f n�1 dB
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Remark: A continuous map f : X Ñ Y between topological spaces has a (topological) map-
ping cone: f induces a map f # : C�pYq Ñ C�pXq. Then the (reduced) cohomology of the
topological mapping cone is

H�pC
p f #qq

There are canonical maps
A
 inc
Ñ C
p f q

proj
Ñ A
r1s

Definition 4.20. Any sequence in KpXq isomorphic to a sequence of the form

A
 f
Ñ B
 inc

Ñ C
p f q
proj
Ñ A
r1s

f r1s
Ñ B
r1s Ñ ...

is called a distinguished triangle.

Notation: We usually write
A
 f
Ñ B
 Ñ C
p f q �1

Ñ

or
A
 B


C
p f q

-
f

�
��	@

@@I
r1s

Properties:

1. A
 id
Ñ A
 Ñ 0 �1

Ñ is distinguished

2. If
A
 a
Ñ B
 b

Ñ C
 �1,c
Ñ

is distinguished, so is

B
 b
Ñ C
 c

Ñ A
r1s
�1,�ar1s
Ñ

3. Given
A
 B
 C
 A
r1s ...

Â



B̂



Ĉ



Â


r1s ...

-

?

a

-

?

b

- -

?

ar1s

- - - -

Then there exists a (not unique) morphism

c : C
 Ñ Ĉ



such that the diagram commutes.
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If A
 Ñ B
 Ñ C
 �1
Ñ is a distinguished triangle, then

1. H
pA
q Ñ H
pA
q Ñ H
pC
q Ñ H
�1pA
q Ñ ... is exact

2. H 
pX; A
q Ñ H 
pX; B
q Ñ H 
pX; C
q Ñ H 
�1pX; A
q Ñ ... is exact

Problem: A short exact sequence 0 Ñ A
 a
Ñ B
 b

Ñ C
 c
Ñ 0 should induce a distinguished

triangle A
 a
Ñ B
 b

Ñ C
 �1
Ñ.

Attempt: A
 a
Ñ B
 Ñ C
paq �1

Ñ

Cnpaq � An�1 ` Bn Ñ Cn

pα, βq ÞÑ bpβq

 C
paq f
Ñ C


The 5-Lemma implies, that f is a quasi-isomorphism.
However, f is not a homotopy-equivalence in genereal (It is, if b splits).
This problem leads to the notion of derived categories: There exists a category DpXq and a
functor Q : KpXq Ñ DpXq, such that:
Given any (additive) category D1 and a functor F : KpXq Ñ D1, such that F of a quasi-
isomorphism is an isomorphism in D1, there is a unique functor D1 Ñ DpXq, such that the
following diagram commutes:

KpXq D1

DpXq

-F

@
@
@@R

Q

�
�

��	

DpXq solves the above problem.
But there is a new problem: A functor on the category of sheaves

F : ShpXq Ñ ShpYq

does not in general induce a functor

F : DpXq Ñ DpYq

Let A
 P CpXq be an acyclic complex, such that FpA
q is not acyclic (e.g. Y � tpu,Shptpuq
is just the category of abelien groups, F � ΓpX,�q). Then A
 Ñ 0
 is a quasi-isomorphism,
but FpA
q Ñ Fp0
q � 0
 is not a quasi-isomorphism.
Solution: Derived Functors

Definition 4.21. Let F be a functor from ShpXq. The right derived Functor is defined as

RFpA
q B FpI
q

where A
 Ñ I
 is an injective resolution.
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Lemma 4.22. If f : I
 Ñ A
 is a quasi-isomorphism, with I
 injective, then f is a homotopy-
equivalence.

So, if I
 f
Ñ J
 is a quasi-isomorphism, then FpI
q

Fp f q
Ñ FpJ
q is also a quasi-isomorphism.

Example: f : X Ñ Y  R f�
Example: Y � tpu : f� � ΓpX;�q RΓpX,�q

ñ H 
pX, A
q � H
pRΓpX; A
qq

Example: But: f � : DpYq Ñ DpXq (i.e. R f � � f �), because f � is exact (p f �Aqx � A f pxq and
exactnes can be checked stalkwise).

5 The sheafification of the intersection chain complex

Let X be a PL-stratified (oriented) pseudomanifold.

U �
open

X ÞÑ IC p̄
i pUq

is a presheaf, since we work with Borel-Moore chains.
This presheaf satisfies pGq, and so is a sheaf IC�i

p̄ pXq on X.
The boundary maps

IC p̄
i pUq Ñ IC p̄

i�1pUq

induce differentials
d : IC�i

p̄ pXq Ñ IC�i�1
p̄ pXq
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ΓpU; IC

p̄pXqq � IC p̄

�
pUq

Lemma 5.1. Let X be a paracompact topological space, K be a closed subset of X and A be
a sheaf on X. Then

ΓpK; Aq � limÝÑ
U �

open
X
ΓpU; Aq

Theorem 5.2. IC

p̄pXq is soft.

Proof. Let K � X be closed, ξ P ΓpK; IC

p̄pXq. Lemma 5.1 ñ ξ is represented by some

ξ̂ P ΓpU, IC

p̄pXq � IC p̄

�
pUq, where U is an open neighbourhood of K.
Triangulate U by T so that ξ̂ is simplicial and all strata are subcomplexes.
We take every vertex, which bounds a simplex, that intersects K nontrivially. We then take the
stars of all the stars of such vertices in respect to the first barycentric subdivision T 1 and call
the union N.
Then ξ̂ X N P IC p̄


pXq, because Stpv,T 1q is transverse to the strata, so it is in IC0̄, therefore
ξ̂ X Stpv,T 1q P IC p̄


 .
In the direct limit, ξ̂ X N represents ξ. �

Corollary 5.3.
H �ipX; IC


p̄pXqq � IH p̄
i pXq

Proof.

H �ipX; IC

p̄pXqq � H�iΓpX; IC


p̄pXqq

� H�iIC p̄pXq
� HiIC

p̄

pXq

� IH p̄
i pXq

�

Stalks of IC

p̄pXq: Let x P Xn�kzXn�k�x.

H�ipIC

p̄qx � limÝÑ

UQx
H�iΓpU; IC


p̄q

� limÝÑ
UQx

IH p̄
i pUq

� limÝÑ
disting.UQx

IH p̄
i pUq

� lim
εÑ0

IH p̄
i pp�ε, εq

n�k � c�ε pLxqq

�

#
IHi�pn�k�1qpLxq i ¥ n� p̄pkq
0 i   n� p̄pkq
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ñ cohomology-stalk vanishing.

H�ipIC

p̄qx � IH p̄

i pUxq

where Ux is a small distinguished neighbourhood of x.
Notation: Uk B XzXn�k, k ¥ 2, ik : Uk ãÑ Uk�1

H�ipik�IC

p̄|Ukq � limÝÑ

UQx
H�iΓpU; ik�IC


p̄|Ukq

� limÝÑ
UQx

H�iΓpU X Uk; IC

p̄q

� lim
εÑ0

IH p̄
i pUε X Ukq

� lim
εÑ0

IH p̄
i pp�ε, εq

n�k � ppc�Lxqztcuqq

� lim
εÑ0

IH p̄
i pp�ε, εq

n�k�1 � Lxq

� IH p̄
i�pn�k�1qpLxq

H�ipik�i�k pIC


p̄|Uk�1qq � IH p̄

i pUx X Ukq

We therefore get from the restriction

IH p̄
i pUxq Ñ IH p̄

i pUx X Ukq

a natural map
H�ipIC


p̄|Uk�1qx Ñ H�ipik�i�k pIC


p̄qqx

Abstractly: f : X Ñ Y, A P ShpXq, B P ShpYq

Homp f �B, Aq � HompB, f�Aq

Special cases:

1. A � f �B:
Homp f �B, f �Bq � HompB, f� f �Bq

id ÞÑ pB Ñ f� f �Bqloooooomoooooon
canonical map

2. B � f�A:
Homp f � f�A, Aq � Homp f�A, f�Aq

p f � f�A Ñ Aqloooooomoooooon
canonical map

Ðß id

Summary:

1. HipIC
qx � 0, for i ¡ p̄pkq � n, x P Uk�1
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2. HipIC
|Uk�1q Ñ Hipik�i�k IC
|Uk�1qx is an isomorphism, for i ¤ p̄pkq�n, x P Xn�kzXn�k�1.

jk : Uk�1zUk ãÑ Uk�1

Definition 5.4. A complex of sheaves A
 is cohomologically locally constant, if HipA
q|Xn�kzXn�k�1

are locally constant for all i, k.
A
 is called constructible, if it is cohomologically locally constant and all stalks of HipA
q are
finitely generated.

Fact: IC p̄pXq is constructable.
We define Db

cpXq � DpXq to be the subcategory of bounded constructable complex of sheaves.

6 Axiomatic characterization

Definition 6.1. Let A
 P Db
cpXq. We say that A
 satisfies [AX] in Db

cpXq, iff:

[AX0 (Normalization)] A
|U2 � RU2
rns

[AX1 (Lower bound)] HipA
q � 0, @i   �n

[AX2 (Stalk vanishing)] HipA|Uk�1q � 0, @i ¡ p̄pkq � n

[AX3 (Attaching axiom)] Hip j�k A
|Uk�1q Ñ Hip j�k Rik�i�k A
|Uk�1q is an isomorphism for i ¤
p̄pkq � n, where Rik� is the derived functor of ik�.
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