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Figure 1: Pinched Torus

stngular point

1 Motivation

Theorem 1.1 (Poincaré-duality for manifolds). Let M" be a closed, oriented manifold.
[M] e H,(M)

— N [M]: H(M) 5 H,_{(M)
In particular

bi(M) = rnkH;(M) = rkH,_;(M)

Singular spaces do not posses Poincaré-duality.
Example: “Pinched Torus* (Fig. 1)
Hy(X)=Z

H(X)=Z

Problem: H;(X) = Z. There is no intesersection product, so Poincaré-duality does not hold.
Example: X° = X(T?), the suspension of the Torus (Fig. 2).

by =1=b;

b]ZO
b, =2

Since b, # b,, Poincaré-duality does not hold.

2 Motivational examples of stratified spaces

A stratification of a singular space X will turn out to be a Decomposition of X into a disjoint
union of S ;, such that the S; are manifolds and points in §S; are “equaly singular*.



Figure 2: Suspended Torus

(a) Suspension of the (flat) (b) The meridians of the (c) We can suspend the
Torus torus are 1-cells meridians and get 2-cells

2.1 Topological construction
e A Cross (Fig. 4a)

The pinched torus (Fig. 4b)

X*=3T?={N,S} U (X’\{N,S})

—_——

=(0,1)x T2
e X2=T?>UT?*=5,uUS, (Fig. 4c)
o X =8!x32T?

X4 = $T? (Fig. 4d)

2.2 Smooth groupactions

Let M" be a closed smooth manifold and G a compact Lie group acting smoothly on M.
Example: G = S!,M = §?

~» Orbit Space M /G

The orbit space will usually be singular.

We will stratify M/G. Let H be a closed Subgroup H < G.

M(H) Z:{xEM|Gx~H}

Where ~ is conjugate equivalence, G, is the isotropy group at x and (H) is the conjugate class
of H.
My is a union of orbits:

Ger=8G.Gg ' ~G, ~H

= Gy~ H



Figure 3: Topological constructions

S,

(a) Cross

o
L]
LLFT T L

(c) Connected tori (d) Double-suspension of the torus



Proposition 2.1. Assume M /G is connected. Then there exists a unique conjugate class (Hy),
such that My, is open and dense in M.

Example: In the rotating sphere example, (Hy) = (ey), because M,y = S*\{N, S }.
® My is a smoothly embedded submanifold of M, called the orbit bundle of (H).

G/H —— M)

M) /G

e As G is compact, there are only finitely many isotropy types.

M = U M,
i=1

M/G = Mu/G
i=1 M
=S

Example: In the rotating sphere example, M/G = M(,/G U {N,S }/G.

Link

Suppose (Hy) = (e) (i.e. the area, where G acts freely is open and dense), there are only 2
isotropy types, (e) and (H), H # e, and G acts transitively on My (so there is some x € My,
such that M) = Gx).
Question: What is the link of the singular point in M/G.

T.M
T.(Gx)

V. is called a “’slice®.
Lethe G, ~ H.
he: To(Gx) — Ty (Gx) = T, (Gx)
We obtain a represantation
H ~ G, — GL(V,)

called the slice-representation.
We can therefore form
G xg, V= (G x V,)/G,

which is a vector bundle over Gx.

Theorem 2.2 (Slice theorem). There exists an open neighbourhood N, of the orbit Gx and an
equivariant diffeomorphism
N, =G xg, Vy



Equivariant means, that the diffeomorphism preserves the group-action.

Since G, is compact, there exists a G,-invariant riemannian metric on V, which induces a
metricon G xg_ V, = E.

We then define the unit sphere bundle as

SE={veE||v|=1}

Sy —— E

Gx

Then the link of the singular point in M/G is SE/G.
If G does not act transitively on M4, then

link = SVM(H) |Gx/G

2.3 Triangulated Spaces (simplicial complexes)

Let
X'=SouS;u..us,

be a triangulated space.

Let S; be the union of interiors of i-simplices in X. Then S, is an i-dimenionsal manifold.
Question: What is the link?

Let T be simplicial complex, such that |T| = X. Let T’ be the first barycentric subdivision of
T. Then every simplex A in T has a ”dual block* D(A), which is a union of simplices in 7.

link(A) = 0D(A)

2.4 Algebraic varieties (over R)

”Singularities of algebraic varieties remain almost completely misterious* (J. Harris)
Reason: Among the singularities of affine varieties — A" are the cones on projective varieties
Y < P*!. So to have a complete understanding of affine singularities, one would need first a
complete classification of projective varieties.

Suppose we have a projective variety Y.

0:AMN0 — P!

(X1s wees Xn) = [ X1 ees X

Then
cone(Y) = ®@~'(Y) u {0}

is an affine variety, whose ideal is the ideal 1(Y).



Whitney’s Algorithm

(Elementary structure of real algebraic varieties)
1. Let I be an ideal in R[xy, ..., x,], p € R".

A={(VN(p) | fel} =R

is a real vectorspace.
mk, (/) := dimA

2. Let S < R” be a subset.
1(S) ={feR[X]| fls =0}
mk,S :=rnk,/(S)

kS = maxrnk,S
peS

3. Let V be a real algebraic variety, V < R". Set
M, ={p eV |mk,V = mkV}
Then M, is an agrebraic manifold of dimension
dim M; = n — mkV

Set V; := VAM,. Then either V| = ¢, or V is an algebraic subvariety of V.

You can then proceed recursively using V; instead of V and obtain a decomposition
V=M uM u..uM,
in algebraic manifolds.
Example: Let V = {x> — y°z = 0} < R" (the "Whitney umbrella®).

I(V) = (x* —y*2)

2x 0 x=y=0
A= —2yz =
—y? I x#0vy=#0
0 € z — axi
rnkaZ{ Pz ax%s
1 p¢z—axis
mkV =1

= M, = V\(z —axis),dimM, =3 —-1=2
V1 = V\Ml = (Z — axis)



0
mkV, =2 =rk,V,Vp e

=M=V, = (z—axis),dimM2 =3-2=1

=V =M uM,=(V\(z—axis)) u (z — axis)
Note: M; < {z = 0}.
Remark: Most examples so far satisfied the "frontier condition™:
IfSinS;# ,then§, c §;.
Problem: The frontier condition fails for the given decomposition of V.
We can fix this, by refining the stratification:

1) = e - o). >
Vi

Ve (V- (z—axis)uzs0lofz=0lufz<0}

3 Stratified spaces

Convention: ¢(X) will be the closed cone on a topological space X, namely
c(X) =[0,1] x X/({0} x X)
¢®(X) will be the open cone, namely
®(X)=10,1) x X/({0} x X)
(&) =p
Definition 3.1 (Topoloical stratified pseudomanifold). A 0-dimensional topological stratified
pseudomanifold is a countable set of points with the discrete topology.

An n-dimensional (n > 0) topological stratified pseudomanifold is a paracompact, Haus-
dorffspace X" together with a filtration by closed subsets

X=X,2X,_1=X,,2X,32..20Xy2X_1 =,
such that
1. All nonempty differences X\X; | are topological manifolds of dimension i.
2. X\X,,_» (the "top stratum*) is (open and) dense in X.

3. Local triviality: Yk: Let x € X, _;\X,_r_1. There exists an open neighbourhood U, of x
in X and a compact, (k — 1) < n dimensional topological stratified pseudomanifold

L= Lk—l o Lk—3 o Lk—4 DR L() o L_1

and a homeomorphism
¢: U, SR x (L

which is stratum-preserving.

L is called a link at x of the connected component of X,_\X,__1 that contains x.



Definition 3.2. A PL-space (piecewise linear) is a topological space X together with a class
T of locally finite triangulations of X, such that

1. T is closed under linear subdivision.

2. any two triangulations T, T' € T have a common linear subdivision T" € T .

Definition 3.3. A closed subset A — X is a closed PL-subspace if there is a T € T, such that
A is given by a subcomplex of T.

Definition 3.4. A PL-stratified pseudomanifold is...

e X, are closed PL-subspaces.
e Use ”"PL-manifold“ instead of (top.) manifold.

e Use "PL-homeomorphism* instead of homeomorphism.

Example: A classical PL-pseudomanifold is a simplicial complex such that every simplex is
the face of some n-simplex and every (n — 1)-simplex is the face of precisely two n-simplices.
Any such classical PL-pseudomanifold can be equipped with a stratification making it a PL-
stratified pseudomanifold in the sense of the definition.

Example: Any irreducible complex agebraic variety is a stratified pseudomanifold (strata
have only even dimension). Similarly for real algebraic varieties.

Let X" be a PL-stratified pseudomanifold with PL-structure 7. Fori =0, 1,2, ...

C!(X) = {¢ : { oriented i-simplices in T} — Z | é(—0) = —&(0)}
is the abelian group of i-chains. Infinite chains are allowed.

Remark: We allow infinite chains because eventually we need restriction maps
Ci(X) - Ci(U),U c X
open

If T' is a subdivision of T, then there is a canonical map

Cl (X) - ¢l (X)
Definition 3.5.
C.(%) = lim C7(X)
TeT
(£ €T and & € T' are equivalent, if thee is a common subdivision T"T such that the image
of € under CT — CiT” equals the image of & under Cl.T' — CiT”)
& € Ci(X) has a support ||, which is a closed PL-subspace.

Definition 3.6 (Borel-Moore-homology).
H,(X) = H(C,(X))

Warning: The Borel-Moore-homology is not a homotopy-invariant
Example: X = R!.
Hy(R) = 0,Hy(R") = Z

Recall from linear algebra: A, B — R" are transverse to each other (A  B), if

dim(A n B) < dimA +dimB —n



Theorem 3.7 (McCrory’s theorem). The complex
ICY(X) := {£€ € Ci(X) | |&| is transverse to the strata of X}
= {£e Ci(X) | dim(|¢] N X < dimé + dim X, —dimX = i — k}
computes the cohomology H"™'(X).

If it were possible to move every chain £ into transverse position with the strata, then ordinary
(co)homology of X would satisfy the poincaré-duality.

But poincaré-duality fails for singular X, so in general it is not possible to move chains trans-
versely to the strata.

Idea: (Goresky-MacPherson) Introduce a parameter, called a “’perversity-function* that mea-
sures the extent to which a chain ¢ is allowed ot deviate from full transversality.

Definition 3.8 (Perversity). A perversity is a fucntion
p:{2,3,4,..} - {0,1,2,..}
such that
1. p(2)=0
2. plk) < plk+1) < p(k)+1

Example: The zero-perversity 0(k) = 0

Example: The top-perversity 7(k) = k —2

Example: The lower-middle-perversity m = (0,0, 1,1,2,2,...)
Example: The upper-middle-perversity 7 = (0,1, 1,2,2,3,...)

Definition 3.9. Two perversities p, g are called complementary, if
Vk: p(k) +q(k) =k —2

Example: 0, f are complementary.
Example: /7, 7 are complementary.

Definition 3.10. Let p be a perversity. The intersection chain complex is
IC{’(X) ={fe CiX) | dim(|¢| n X, p) <i—k+ plk) Adim(|0E N X, ) <i—1—k—pk)}
= IC? (X) is a chain complex with the usual boundary maps.
Definition 3.11. The intersection homology groups are:
IH{’ (X) := H;(ICE(X)) = ker 6;/Im ¢, ,

Write p < g, if p(k) < g(k),
If p < g, then ICE(X) < ICI(X ) This inclusion induces a canonical map

IHS(X) — IH{(X)

10



Definition 3.12. X" is orientable if the n-simplicies in some admissable triangulation of X
can be oriented, such that their sum is a cycle.
[X] € H,(X) is called the fundamental class of X.

Proposition 3.13. Let X" be an orientad, compact, PL-stratified pseudomanifold. Then
—n[X]: H(X) - H, (X)
factors through TH?_(X):

(x] (X)

Hi(X) : H,_,
o~

IH,_(X)

Proof. Under — n [X], the characteristic cochain of an i-simplex o= in an admissable trian-
gulation T of X is mapped to the dual block D(o) in the first barycentric subdivision 7’ of
T.

But the dualblock of a simplex is indeed transverse. O

We even have the factorization

H'(X)

IHS—:’(X) o . IHf—i(X) - IHZ—i(X) o . IHZ—i(X)

Example: M" a compact manifold-with-boundary M.
X" =M Uspy c(OM)

£ Ci(X) = dim(|€] A X, o) <i—k+ p(k)

case: i — n + p(n) < —1. & cannot pass through the cone-point c. If £ = 0&', then &’ can also
not pass through c. i
= IH(X) = H;(M)

case: i —n+ p(n) = —1. £En{c} = . If £ = 0&, then & is allowed to touch c. Therefore
IH?(X) = Im (H;(M) — H;(X))
case: i —n + p(n) > —1. Both £ and ¢’ are allowed to pass through c.

IH?(X) = Hi(X)

11



summary:

H;(M) i<n—pn)—1
IH'(X) = Im (H:M — HX) i=n—p(n)—1
H;(X) i>n—pn)—1

Example: X ~» R x X. From a stratification {X;} of X we get a stratification of R x X by
setting
(R X X)l =R x (Xi—l)

£elIC? (X) wRx&EeICP(R x X)
= Suspension map: IC%(X) — ICE(R x X)[1]
Lemma 3.14. This map induces an isomorphism

1H(X) > 1,

(R x X)

12



Example: X* = (X77%) x §'!
We compute /H'(X), [H(X)

T2 =8; x83,8" = {pt} xS,

Where the point is from the nonsingular part of 72,

There is one stratum
X'ox'={N,8} xS'!

with codimension 3 and link 7°2.
We have to decide, whether a cycle bounds, and if it does, if the bounded chain suffices

dim(|&| ~ X)) <i— 3,dim(|0&] N X)) <i—4

for IH](X) and
dim(|&| n X)) <i—2,dim(]0&| n X)) <i—3

for IH" (X).
If it does, it disappears in the respective intersection-homology-class.
cycles IH? IH"
x =4 (S x85) xS! (S x85) xS! (S x8;) x S!
=38 xS, xSLES x SLES) x SLE(S] x8)) | Z(S'xS8,) |[Z(S; x85,),Z5; x S, B, x|
* =2 S x85,28,25,,85; xS'S) xS! S xSLS§) xSt 251,28,
=1 S1.85, 8! S1.85,8! St
+ =0 pt pt pt

3.1 The intersection homology of a cone

Let X*~! be a compact PL-stratified pseudomanifold.
(c°X); =c"(X;1),i >0

(c°X)o = {c}

Let £ € IC?_ (X). We can form ¢°¢ € C;(c°X).
But it is not generally true, that ¢°¢ € IC”(c°X) < Ci(c°X).
If i > k — p(k), then c°¢ € ICY (c°X).
If i = k — p(k), then )

cCEeICl(c°X) < 06 =0
If i < k — p(k), then )

c?EeICT(c°X) =< ¢=0

13



This suggests that coning should be viewed as a map of chaincomplexes:

keré‘ < ICk—i;(k) (COX)

0 0

Y o A

0 ICypay1(c"X)
1% 0

We have constructed a map
Totpi—1ICL(X) S ICT(c°X)[1]
Theorem 3.15. This chain map induces an isomorphism on homology groups.

Lemma 3.16. If a is a PL chain in R>y x Z and da = 0, then there exist a PL-chain 3, such
that @ = 0B.

Proof.
m: R, xZ->R,,m:R, xZ—->Z

Roo % || LRJF xZ
[t x) = (1 + m (%), ma(x))
B=fiRyoxa)= B =a

Proof. of thm. 3.15
c° is injective as a chain map. Exact sequence:

ICY(c°X)

. -0
COTgk,[j(k),IIC{: (X)

0 — Tor_piy_ 1 ICD(X) S ICT(c*X)[1] —

14



1P (¢°X)
T pay—11Ch(X)
Given & € IC?(c°X), such that 0¢ = c®y, where y € (t;_p) 1ICE(X));i 2.
We will construct 7, such that &€ — ¢°n is a cycle that bounds.

We will show, that is acyclic.

Je>0: |é|"N.=cn,on=vy
NE—cn)=06—0c°n=c"y—c’dn=cy—c"y=0

So & — c°nis acycle.
And:
€ — | € Rop x X

With lemma 3.16 it follows, that
§—cn=20p

(check: This g is an intersection chain)

Theorem 3.15 implies
IH (X) i>
<

IH? (¢°X) = {0

Corollary 3.17. IH?(—) is not a homotopy invariant.

15



Example: Recall that a point x € X,, ;\X, 4 in a stratified pseudomanifold has a neighbour-
hood of the form R"™* x ¢°(L*~") ("distinguished neighbourhood*)

susp."koc
—

sy ICT(L) CICP (R x L) [n— k + 1]

is a homology-isomorphism (”quasi-isomorphism®).
In particular,

b . -
IH.’_’(R"_I‘ X ¢*L) = IHi_(”_k+‘)(L) i=n=plk)
l 0 i <n— p(k)

4 Sheaf theory

Definition 4.1 (presheaf). A presheaf A on a topological space X is an assignment

U c Xr—>A(U)

open

from the open sets in X to abelian groups, such that there are restriction homomorphisms

YU,V < U: A(U) — A(V)

open

such that
1. A(g)=0
2. A(U) S A(U)

3. The following diagram commutes for W < V < U

open  open

A(U) —— A(V)

A(W)

The A(U) are called section groups.

Definition 4.2 (sheaf). A sheaf A on X is a topological space with a continous map
n:A— X,

such that for each x € X
' (x) =t A,

(we call this a stalk) is an abelian group and the group operations are continous, and 7 is a
local homeomorphism.

16



Definition 4.3. Let A bei a sheaf on X and Y < X a subspace.
A section of A over Y is a continous map

s:Y > A

such that wo s = idy.
[(Y,A) = { sections s: Y — A}

We can assign a presheaf to A by
A~ (U—T(U,A)

the presheaf of sections.
Conversely, one can associate a sheaf to a given presheaf A:
We define the stalks to be

xeX:A = lim A(U),

U G XxeU
form the sheaf by
xeX
and get a projection by
m:A—X
A, — {x}

and a basis for the topology by

Uc X,seAX): {sx€eA_|xe U}

open

where s, is the equivalence class of x under the direct limit.
This is called the sheafification of A and we write it as sheaf(A).

Definition 4.4 (Homomorphism). A homomorphism f: A — B of sheaves over X is a conti-
nous map which preserves stalks, i.e.

f(A,) < B,
and restricts, for all x € X to group homomorphisms
JrA, — B,

f is a monomorphism (epimorphism, isomorphism,...), if f. is a monomorphism (epimor-
phism, isomorphism,...) for all x.

17



Let A be any sheaf. For every a € A choose a local section s through a. By this you get an
isomorphism
A > sheaf(U — T'(U,A))
a v Sx(a)
Conversely let A be any presheaf. The map
A(U) — T'(U, sheaf(A))
s (xe U sy)

is not generally an isomorphism.
The presheaf of sections of an actual sheaf satisfies a gluing property (G): Given any open
subset U < X, any open covering U = | J, U, and s, € A(U,), such that

open

Sa|Up,mUﬁ = S,B|U(mU;;
for U, n Ug # &,
s e A(U): s
If A satisfies (G), then the canonical map from above is an isomorphism.
Summary:

Uy ::'Sa,\f(l

Proposition 4.5. There is a one-to-one correspondence between sheaves on X and presheaves
on X, that satisfy (G).

4.1 Sheaf cohomology
Definition 4.6. A resolution of a sheaf A is an exact sequence of sheaves
oﬁéd;igoi(lg‘ifﬁ_,_

A morphism of resolutions A — K*, B — L°® is a commutive diagram

0 - A - K" - K' - K* -
0 A K° K' K’

A homotopy of homomorphisms of resolutions is a sequence of sheaf homomorphisms s, such
that ds + sd = ¢ — .

Definition 4.7. A sheaf I is injective, if for every monomorphism A — B and homomorphism
f: A — [ there is an extension B — I, such that the following diagram commutes:

- B

.

0

18



Basic constructions: X, Y topological spaces, f: X — Y continuous.

1. Let A be asheafon X. U — ['(f~1(U),A) is a presheaf satisfying (G), so a sheaf, called
the pushforward or direct image sheaf of A. Notation: f,A (a sheaf on Y).

2. Lem B be a sheaf on Y. We can form the pullback:
[*B={(x,b) e X x B[ f(x) = n(b)}
(f*B)x = Ef(x)
= f*Bis a sheaf over X, the pullback of B.
Lemma 4.8. The product of injective sheaves is injective.

Proposition 4.9. Every sheaf can be embedded into an injective sheaf (even canonically).

Proof. Let A be any sheaf on X, x € X.

We can then embed A as an abelian group into an injective group /.. Let [ be the extension
by zero of I,.

By lemma 4.8,

=111

is an injective sheaf, because all I are injective sheafs.

(A—1)~ (A=)

O
Proposition 4.10. Every sheaf has a (canonical) injective resolution.
Proof. According to proposition 4.9 we get injective I*, such that
0 - A Y L . P
g \\\ ///
I°/Im d™!
is exact. O
Proposition 4.11. f: A — B can be extendet to a morphism of resolutions.
Proof. Per diagram-hunt. O

By similar extension arguments, any two such extensions of f are homotopic.

Definition 4.12 (Sheaf cohomology). Let A be a sheaf on X and I* be an injective resolution
of A.
HI(X:A) = HI(T(X.I'))

19



Remark: Thus, H'(X, A) measures the extent to which T'(X, —) is not an exact functor.
Remark: I'(X, —) is left exact.
Remark: H*(X;A) is well-defined.

Definition 4.13. A sheaf A is called acyclic, if
Vi>0: H(X,A) =0
Example: Injective sheaves are acyclic:
0—>!E>£—>0—>O—>...

= H'(X,I) =0,Yi >0

Example: (Assume X paracompact) A sheaf A is called soft, if forall closed K = X
[(X,A) - I(K.A)

is surjective.
Soft sheaves are acyclic.
Definition 4.14. If K* is a resolution of a sheaf A by acyclic sheaves, then

H*(X;A) = H'T(X,K*)
So we can use acyclic resolutions, which occur more naturally than injective ones, to compute
sheaf cohomology.
Application: Let M be a smooth manifold. We compute the sheaf cohomology

H*(M;R,,)

Where R, is a constant sheaf. We canmap U < X as of

open
U— Q(U)
where Q/(U) are smooth differential i-forms on U. This presheaf satisfies (G), so is a sheaf
Q.
Since the exterior derivative 4 _
d: Q(U) — Q*(U)
commutes with restricton-maps, it induces a morphism of sheaves
d: gi N QiJrl

such that d? = 0.

o9 o LY Qitl
is an exact sequence of sheaves by the Poincaré lemma.
Therefore

0-R, S Sa S S
is aresolution of R . All Q' are soft.
H*(M;R,,) = H'T(M; Q) = H*(Q*(M)) = H"(M)

So we can compute the sheaf cohomology H*(M;R,,) by computing the de-Rham-cohomology
of M.

20



4.2 Complexes of sheaves

Definition 4.15. A (differential) complex of sheaves A® is a sequence (A')icz of sheaves A,
together with sheaf homomorphisms

di: éi N éi+l
such that

VieZ: dt'od =0

_ kerd
"~ Im

H'(A") — sheaf (U — HT(U;A"))

is called the cohomology sheaf or derived sheaf.
Say A* is bounded below. We can then form injective resolutions of the A’ and get

d? d d d
2 0,2 1,2 2,2
A P [ P
A A A A
d? d d d
1 50,1 gLl . 721 .
A P P
A A A
d? d d d
0 0,0 1,0 2,0
A P [ — P —

Such a diagram is called a double complex, with a vertical differential d, a horizontal dif-
ferental o, such that
¢ =¢*=ds+6d=0

!k — (_D !i,j

i+j=k

Via

we get a simple complex with the differential d + 6.

Definition 4.16. A resolution of a complex of sheaves A® is a quasi-isomorphism f: A* —
K* (i.e. f induces isomorphisms H'(A*) — H'(K*),Vi).

We have seen that every complex A* has an injective resolution A* — I°.

Definition 4.17. The hypercohomology groups of X with coefficients in a complex of sheaves
A* are ‘
H'(X;A%) = HT(X; ")

where A* — I° is an injective resolution of A°®.
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Remark: This can also be computed from a resolution A* — K* of A* by soft sheaves K.
Standard constructions:

T A% = ... — A2 4 A" S kerd" - 0—0— ...
T5,A% = ... > 0 — 0 — cokerd" ' — A" - A2 5
: H'(A®) i<
= HiroA") - {— 4t
0 i>n

Téné. EC) é. qﬂ))t T}né.
A'[n])" = AT, dii-[n] = (=1)" dzcn
Also here: A* ® B, A" ® B', Hom® (A", B"). /A", f*B"
Complexes of sheaves form an abelian (i.e. have kernels, cokernels, images, coimages, exact
sequences, etc. with the usual properties) category C(X).

4.3 The homotopy category
Definition 4.18. The homotopy category K(X) has objects
ObK(X) = ObC(X)

and morphisms
Homygx)(A®, B) := {[f] | f € Homcx) (é'»ﬁ.)}

where [ f] denotes the homotopy-class of f.

[fTelgl =fcgl
is well-defined, so K(X) forms indeed a category.
[/T+1el=1f+gl

is also well-defined, so K(X) is an additive category.
If A* and B* are homotopy equivalent, then A* = B* in K(X).
Problem: K(X) is not in general an abelian category.
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Example: X = {p}

B
- 0 ,Z VZ{ -
B
- 0 ,(‘) ,(3 -

We have a short exact sequence of complexes
0-X">Y —>Z">0
Y*~0

We have a natural functor C(X) 5 K(X).
If the resulting sequence was to be exact

0> F(X')—>F(Y)=0->F(Z')—0

But
H*(F(X*))=H*"(X)+0

which is a contradiction.
Solution: “Distinguished triangles*, substitute for exact sequences.

Definition 4.19. Ler f: A* — B® be a morphism in C(X). The (algebraic) mapping cone of
1> C*(f), is the complex given by

Cn(f) — AH-H @En

n _f da O
() T\ dg
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Remark: A continuous map f: X — Y between topological spaces has a (topological) map-
ping cone: f induces a map f*: C*(Y) — C*(X). Then the (reduced) cohomology of the
topological mapping cone is
H*(C*(f%))
There are canonical maps
A () A

Definition 4.20. Any sequence in K(X) isomorphic to a sequence of the form

alpmemn™anten - .
is called a distinguished triangle.

Notation: We usually write

or

Properties:
1. A* % A* — 0 5 is distinguished

2. If

is distinguished, so is

3. Given

=
%
Y
o
Y
2

IS}
Nl

I I
Then there exists a (not unique) morphism
c:C = C

such that the diagram commutes.
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IfA* - B*— C* Hisa distinguished triangle, then
L. HY(A*) > H*(A®) — H*(C*) — H**"'(A%) — ... s exact
2. H(X;A%) > H(X;B*) > H*(X;C*) — AT (X;A%) — ... s exact
Problem: A short exact sequence 0 — A* -5 B° 2, C* 5 0 should induce a distinguished

triangle A* % B* 2, C* Y
Attempt: A® % B* — C*(a) &

Qn((l) _ énJrl @En N gn
(@.8) — b(B)

w C*(a) > C*
The 5-Lemma implies, that f is a quasi-isomorphism.
However, f is not a homotopy-equivalence in genereal (It is, if b splits).
This problem leads to the notion of derived categories: There exists a category D(X) and a
functor Q: K(X) — D(X), such that:
Given any (additive) category D’ and a functor F: K(X) — D', such that F of a quasi-
isomorphism is an isomorphism in D', there is a unique functor D’ — D(X), such that the
following diagram commutes:

K(X) D
~
D(X)

D(X) solves the above problem.

But there is a new problem: A functor on the category of sheaves

F: Sh(X) — Sh(Y)
does not in general induce a functor
F: D(X) - D(Y)

Let A* € C(X) be an acyclic complex, such that F(A*®) is not acyclic (e.g. Y = {p}, Sh({p})
is just the category of abelien groups, F = I'(X, —)). Then A* — 0° is a quasi-isomorphism,
but F(A*) — F(0*) = 0°® is not a quasi-isomorphism.

Solution: Derived Functors

Definition 4.21. Let F be a functor from Sh(X). The right derived Functor is defined as
RF(A*) = F(I')

where A® — I° is an injective resolution.
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Lemma 4.22. If f: [* — A® is a quasi-isomorphism, with I* injective, then f is a homotopy-
equivalence.

So, if I* ER J* is a quasi-isomorphism, then F(I*) peey (J*) is also a quasi-isomorphism.

Example: f: X — Y ~» Rf,
Example: Y = {p}: f, =T'(X;—) ~ R['(X, —)

= A (X,A") = H*(RU(X; A"))

Example: But: f*: D(Y) — D(X) (i.e. Rf* = f*), because f* is exact ((f*A), = A

Ay and
exactnes can be checked stalkwise).

5 The sheafification of the intersection chain complex
Let X be a PL-stratified (oriented) pseudomanifold.

U c X+ ICP(U)
open

is a presheaf, since we work with Borel-Moore chains.
This presheaf satisfies (G), and so is a sheaf E;(X) on X.
The boundary maps i )

1c7(V) — 1! (U)
induce differentials

d: IC;/(X) — IC-"H(X)
—p —p

26



(U IC;(X)) = IC”,(U)

Lemma 5.1. Let X be a paracompact topological space, K be a closed subset of X and A be
a sheaf on X. Then
[(K:A) = lim ['(U;A)
U>oX

open

Theorem 5.2. IC?(X) is soft.

Proof. Let K < X be closed, ¢ € I'(K;IC;(X). Lemma 5.1 = ¢ is represented by some
el (U, 1IC3(X) = IC”,(U), where U is an open neighbourhood of K.

Triangulate U by T so that £ is simplicial and all strata are subcomplexes.

We take every vertex, which bounds a simplex, that intersects K nontrivially. We then take the
stars of all the stars of such vertices in respect to the first barycentric subdivision 7" and call
the union N. i

Then é N N € IC? (X), because St(v, T') is transverse to the strata, so it is in IC?, therefore
én St(v,T") € ICY.

In the direct limit, £ N N represents &. O

Corollary 5.3.

A ICH (X)) = H](X)
Proof.

HXIC(X)) = HOT(X:IC)(X))
= H'IC,(X)
= HIC(X)
- IH(X)

Stalks of /C5(X): Let x € X, (\\Xy ¢ -

H'(IC%), = limH T(U;IC:)
— > — —>p
Usx

= lim /H] (U)
Usx
= lim JH](U)

disting.Usx

= HmIH?((—€,€)"* x (L))

e—0

_ JHigiey(Ls) iZn—p(k)
0 i <n—pk)
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= cohomology-stalk vanishing.

—i o\ __ P
E (El‘;)x - IHz (UX)

where U, is a small distinguished neighbourhood of x.

Notation: Uy = X\Xn_k,k =2, I

H (i, dC5|0,)

Eii(l‘k*

Ui = Uiq

= limH T(U; it IC}|u,)
Usx

= limH T(U n UgIC?)
E —P

— PL%IHIF_’(UE N Uy)
= HmIH"((—€,€)"* x ((c°L)\{c}))

e—0

= lmIH"((—€,€)" """ x L,)

e—0

iZ(ICHUkH)) = IHZP(UX M Uk)

We therefore get from the restriction

IH'(U,) - IH! (U, " Uy)

a natural map

H (IC} |y, )x = H (il (IC}))

Abstractly: f: X — Y, A € Sh(X),

B e Sh(Y)

Hom(f"B,A) = Hom(B, f.A)

Special cases:

Hom(f*B, f*B) = Hom(B, f.f*B)

id — (B — f.f"B)
—_—

canonical map

Hom(f* f,A.A) = Hom(f,A. fuA)

1. A= f*B:
2. B=f.A
Summary:

(f*fed — A) —id
—_—

canonical map

1. H'(IC"), = 0, fori > p(k) —n,x € Uiy,
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2. H'(IC|y,,,) — H'(ixsifIC*|y,., ) is an isomorphism, for i < p(k)—n, x € X, \X,—s_1.
Jet Uget\Uy = U

Definition 5.4. A complex of sheaves A* is cohomologically locally constant, if H'(A")
are locally constant for all i, k.

A* is called constructible, if it is cohomologically locally constant and all stalks of H'(A*) are
finitely generated.

Xn—k\Xn—k— 1

Fact: IC(X) is constructable.
We define D’(X) < D(X) to be the subcategory of bounded constructable complex of sheaves.

6 Axiomatic characterization

Definition 6.1. Let A* € D’(X). We say that A® satisfies [AX] in D%(X), iff:
[AXO (Normalization)] A*|y, = Ry, [n]

[AX1 (Lower bound)] H'(A*) = 0,Vi < —n

[AX2 (Stalk vanishing)] H'(Aly,,,) = 0,Vi > p(k) —n

[AX3 (Attaching axiom)] H'(jiA®|v,.,,) — H'(jiRix,ifA®|y,,,) is an isomorphism for i <
p(k) — n, where Riy, is the derived functor of iy.
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